We consider the effects of impurities on the enigmatic hidden order (HO) state of the heavyfermion material URu2Si2. In particular, we focus on local effects of Rh impurities as a tool to probe the suppression of the HO state. To study local properties we introduce a lattice free energy, where the time invariant HO order parameter ψ and local antiferromagnetic (AFM) order parameter M are competing orders. Near each Rh atom the HO order parameter is suppressed, creating a hole in which local AFM order emerges as a result of competition. These local holes are created in the fabric of the HO state like in a Swiss cheese and "filled" with droplets of AFM order. We compare our analysis with recent NMR results on U(RhxRu1−x)2Si2 and find good agreement with the data.
I. INTRODUCTION
The physics of heavy-fermion materials is fascinating and extremely challenging due to a variety of exotic phenomena that can be observed, e.g., the Kondo effect, the heavy mass renormalization, the onset of novel magnetism or of unconventional superconductivity. The interplay between these phenomena makes a detailed understanding of the ground state complicated. Here we focus on URu 2 Si 2 , the heavy-fermion material that exhibits a "hidden order" (HO) phase below T ho = 17.7K
1 . The specific heat of this material displays the typical jump of a second order phase transition at T ho , however the precise nature of the HO remains a subject of intensive debate. Far above the HO transition the magnetic susceptibility has a maximum around T ∼ 50K
1 . The measured magnetic moment reported by neutron scattering, if there is any, is too small (∼ 0.03 µ B /U ) to explain the large entropy loss at T ho within a localized AFM scenario, which led to the concept of the small moment antiferromagnetism 2 . Early µSR (muon spin relaxation) measurements reported magnetic moments as small as ∼ 10 −3 µ B /U 3 . However, later µSR and nuclear magnetic resonance (NMR) measurements on pure URu 2 Si 2 revealed an inhomogeneous coexistence between the HO and AFM order with a sizable magnetic moment 4, 5 . Moreover recent neutron scattering experiments evidence that this small moment is not an intrinsic feature of the HO, but a spurious effect due to local strains induced by crystal defects in the sample 6 . Nevertheless magnetic ordering is not completely extraneous to URu 2 Si 2 : an antiferromagnetic phase with large moment can be stabilized by applying pressure or strain 5, [7] [8] [9] . Since 1985 several theories have been proposed to identify the nature of the hidden order parameter. Recently a resurgence of interest in this material has been seen as new data and new ideas on the nature of the HO appeared [10] [11] [12] [13] [14] [15] [16] [17] .
Further progress in experimental techniques such as sample quality and more accurate measurements of URu 2 Si 2 suggest that a breakthrough in this long standing problem is at hand and may be achieved soon. In this paper we focus on the role of impurities as probes of the nature of the hidden order puzzle. We address the role of deliberately placed Rh impurities on the suppression of the HO state. Since few impurities are added to the sample, NMR is a particularly useful bulk probe sensitive to the local atomic environment to reveal what happens to the HO state at the impurity site. Recently the 29 Si NMR spectrum has been reported in U(Ru 1−x Rh x ) 2 Si 2 as a function of temperature and Rh concentration 18 . The experiment showed local suppression of the HO state and the emergence of satellite NMR peaks, indicating the onset of local antiferromagnetic droplets near each Rh impurity. These experiments were interpreted in a Ginzburg-Landau framework, where antiferromagnetism and hidden order are coupled through gradient terms. In this scenario the antiferromagnetism is not a competing order parameter but rather a parasitic effect induced by spatial inhomogeneities in the hidden order parameter 18 . Here we turn to a more microscopic description of the effects of impurities at the atomic length scale by using a lattice free energy, where each lattice site corresponds to a uranium atom. We thus extend earlier work, using a lattice free energy with parameters describing the phase diagram of URu 2 Si 2 19 in presence of pressure and strain, in order to address a spatially inhomogeneous setting. The approach is not tied however to a specific microscopic origin of the hidden order: the form of the lattice free energy is general and we choose a particular set of parameters values since it has been proven to be consistent with experiment. In this model droplets emerge around the impurities as a result of the competition between the HO and AFM order, enhanced by the coupling mechanism suggested in Ref. 18 .
The paper is organized as follows: in Sec. II we introduce the lattice free energy that we minimize in order to determine the phase diagram of U(Ru 1−x Rh x ) 2 Si 2 ; in Sec. III we show our results and compare them with recent experimental NMR data 18 ; in Sec. IV we draw our conclusions. Finally in appendix A we discuss how 22 . This parametrization of the lattice free energy, using the measured elastic constants, was shown to provide an excellent description of the phase diagram of URu 2 Si 2 under applied magnetic field, pressure and strain . Here ∆ = 35K is the effective crystal field splitting between the two lowest lying states of the U atom 5f electrons of URu 2 Si 2 in the paramagnetic phase 15 . In this work we choose to adopt the same parametrization. We stress however that the form of this free energy is much more general and describes a situation where ψ i is any order parameter that does not break time-reversal symmetry; for example alternative order parameters are a charge density at incommensurate momenta or a hybridization wave as proposed in Refs. 12 and 23.
To incorporate the role of impurities we consider two effects. The first is a mean-field effect in which we regard the coefficients a and b to be disorder dependent. In an itinerant picture the presence of disorder creates a random potential acting on the electrons: the impurities act as scattering centers which reduce the excitonic pairing in the particle hole channel. In the model of Ref. 19 , the impurity induced strain increases the crystal field parameter ∆ and therefore it suppresses both the antiferromagnetism and the hidden order stabilizing the paramagnetic phase. The coefficients a and b thus acquire a linear (at leading order) dependence on doping x by imposing ∆ = ∆ 0 + x∆ 1 . However we keep the definition of J ψ and J M to be disorder independent, i.e.
With this parametrization there is a duality between hidden order ψ and large antiferromagnetic moment M . When J ψ > J M the hidden order phase is stabilized at low temperature; if J M > J ψ the large moment phase is stabilized. In Fig. 1 we show the phase diagram of the homogeneous lattice free energy of Eq. 1 with the choice of parameters discussed above, in the (J ψ , J M , T ) parameter space. The introduction of impurities, through the disorder dependence of the meanfield coefficients a and b, suppresses equally both HO and AFM order parameters.
Disorder also has a very local effect: the coupling of the U which is closest to a Rh site has a different exchange interaction with its neighbors. Close to Rh impurities HO is suppressed and U atoms acquire a finite moment. This is explicitly described by a locally renormalized exchange term in the hole of the swiss cheese fabric
whereJ M > J ψ and by imposing ψ(r i ) = 0. As a result, away from the impurities J M < J ψ and the hidden order is stable, but in the immediate vicinity of the impurity antiferromagnetism is stabilized over hidden order. In order to study the local suppression of the hidden order by impurities, we consider the lattice model described by the free energy
To introduce a minimum number of parameters we limit the range of the interaction to only the first neighbors of the affected uranium site. Given these definitions, the free parameters of the model are the magnetic couplingJ M at the impurity sites and ∆ 1 . Due to the duality of the model, as magnetic droplets can be stabilized in a hidden order background, with the same mechanism droplets of "hidden order" could be stabilized within the large moment phase by another type of impurity, which would exchange the role of J M andJ M . It would be interesting to see if it is possible to realize this dual scenario experimentally. The existence of localized regions of the HO phase in the AFM phase at higher pressure could be observed in NMR experiments and other local probes. The counterpart of the previous URu 1−x Rh x Si 2 experiment would require to measure URu 2 Si 2 under pressure to stabilize AFM but doped with suitable impurities to induce a local expansion in the ab plane.
In the numerical simulations we will assume that the disorder is dilute enough to consider the solution of the mean-field equations around a single impurity at r 0 . In this work we take a simplified cubic lattice instead of the tetragonal lattice of URu 2 Si 2 , and we do not consider the problem of how the order parameter on the U atoms is transferred to the nuclear sites of the Si where the NMR is performed. Our goal in this paper is to explore the physics introduced by inhomogeneities using a lattice free energy framework and see how the NMR experiments constrain the symmetry and the parameters in this theory. We test whether the parametrization of the lattice free energy that was used to successfully describe the phase diagram of URu 2 Si 2 under pressure, stress and applied magnetic field can also account qualitatively for the puzzling NMR measurements when impurities are introduced in the sample.
Once we define the lattice free energy, we determine the value of ψ i and M i that minimize the free energy, i.e. the solutions to the equations
Notice that, away from the impurity, the solutions are M 2 i = 0 and ψ
for each site i (at large enough distance from the impurity the lattice translational invariance is restored).
III. RESULTS
We first compute the HO critical temperature as a function of doping x. Since we assume dilute doping, we find
At the critical doping x c the HO parameter vanishes and T ho (x c ) = 0; it follows that x c is given by ∆ 0 + x c ∆ 1 = J ψ . In Fig. 2 we compare the theoretical curve ( for ∆ 1 = 358.6K with experimental data 18, 24 . J ψ and ∆ 0 have been defined above for the uniform case and are equal to J ψ = 46.24K and ∆ 0 = 35K. We observe that the transition temperature, up to leading terms, has in our model the usual linear dependence on x similar to impurity-averaged theories. In the inset of Fig. 2 we report the computed jump in the specific heat
Since the free parameter ∆ 1 was determined by the critical temperature the agreement with the experimental data is very satisfactory 18 . In Fig. 2 we plot also T af m as a function of doping. T af m is defined as the temperature at which the magnetization becomes smaller than the minimum observed magnetic moment µ 0,min ≈ 0.03 µ B .
In Fig. 3 we report the NMR frequencies f as a function of Rh concentration x. The NMR frequency f is proportional to the spin moment µ 0 at each U site, in particular magnetization at the impurity site M r0 with µ 0 . The theoretical curve in Fig. 3 is obtained withJ M = 33.83K. The emergence of a magnetic moment in URu 2 Si 2 doped with Rh has been observed also in neutron scattering experiments 24 . Taking into account that neutrons measure the magnetization averaged over volume, the agreement between the two measures is good. From the NMR spectrum we obtain another valuable information: the area under the satellite peaks is proportional to the fraction of antiferromagnetic sites, i.e. the ratio between sites with a finite magnetization and the total number of sites. The measured antiferromagnetic fraction has a non-monotonic behavior as a function of the Rh concentration x: first it increases linearly with the number of impurities, then it reaches a maximum at x = 0.025 and finally it decreases becoming zero after the critical concentration has been reached 18 . The neutron scattering result is consistent with this observation: the intensity of the magnetic Bragg peaks has a non-monotonic behavior as a function of x 5 . Our model offers a simple explanation of this non-monotonic behavior. In Fig. 4 a real-space representation of the magnetization M i at each site is reported for impurity concentrations x = 0.01 and x = 0.025. The sites around the impurity develop a finite moment. The moment at each site decreases as the distance from the impurity increases. The magnetization is strongly suppressed and ψ i recovers the bulk solution value within few lattice sites, see profile picture in Fig. 4 . In the following we will refer to the magnetic sites around the impurity with the term "droplet". We define the droplet boundary in such a way that the magnetization of every site inside the droplet is large enough to be observed experimentally. We consider that the minimum observed magnetic moment is equal to µ 0,min = 0.03 µ B .
We can see in Fig. 4 that the size of the droplet is affected by disorder. The two competing effects of disorder are evident: on the one hand the number of magnetic droplets increases with the number of impurities, on the other hand in our model the size of each droplet decreases with increasing disorder. This leads to the observed non-monotonicity in the experiments. Notice that, in a model where HO and AFM order are coupled through a term M 2 | ∇ψ| 2 , the behavior of magnetic droplets in function of doping is similar 18 . In order to put this analysis on more quantitative grounds, we optimize the free energy for different values of temperature and Rh concentration and then we compute the fraction of sites with M i = 0 (M i > µ 0,min ). Since we made the assumption that magnetic droplets are disjoint with average spacing d ∼ l/x 1/3 > 360 nm (here l is the lattice constant), we can define the antiferromagnetic fraction in the following way
where n in is the number of sites inside the droplet, n imp is the number of impurities and N tot is the total number of sites. In figure 5 , as a function of doping. The curve has the characteristic non-monotonic behavior of the experimentally observed AFM fraction, which highlights the two competing effects of disorder: the chemical pressure and the suppression of order. Crucial to this observation is the duality between ψ and M , and hence the fact that Rh impurities suppress both order parameters. While the sawtooth profile is a consequence of our lattice model, there is good agreement between the results of the minimization procedure and experiment. The sawtooth profile appears because the number of sites with M i > µ 0,min is a step function of x. In fact lowering the temperature below T N the first site to be magnetized is the impurity site r 0 , then the nearest neighboring sites, followed by the next-nearest neighbors and so on. Therefore the droplet size increases (and with the same mechanism the droplet decreases as a function of doping) in steps equal to the coordination number. In the lower panel of figure 5 we plot the AFM fraction as a function of temperature. At low temperature the AFM fraction is a non-monotonic function of x as discussed above; increasing the temperature the magnetic droplet can be stabilized only for lower doping values. We identify with T afm the temperature in correspondence to the disappearance of the magnetic droplet for a given Rh concentration. We observe that at large doping T afm follows the behavior of T ho as a function of x, see Fig. 2 .
IV. CONCLUSION
In conclusion, we proposed an analysis within a meanfield lattice free energy to reveal the local competition between HO and AFM phase. We introduced disorder in the model as the driving force of two competing effects: the local stabilization of magnetization and the suppression of both the HO and AFM order by the impurity. We recovered the main features of the phase diagram and the non-monotonic behavior of the AFM volume observed experimentally. Moreover, we found that the healing lengths of ψ i and M i are on the scale of the local strains that stabilize the magnetization. An additional effect present in the calculation is the stabilization of the phases due to inhomogeneities pointed out in Ref. 18 , which is manifest in the continuum theory supported by our lattice model as shown in Appendix B. Finally our model describes a duality between HO and AFM order: as magnetic droplets can be stabilized by impurities in the HO phase, with a similar mechanism HO droplets can be formed in a magnetic phase.
We used in this paper a classical lattice free energy. Since the phase transitions occur at rather low temperatures, it would be interesting to extend our work to include quantum effects, including effects which would be described by time derivatives of the order parameter as well as the effects of damping due to particle-hole excitations. The study of these effects as well as their derivation from microscopic models will provide further constraints on the possible origin of the hidden order state in URu 2 Si 2 . This would allow also a more refined modeling of the NMR line-shapes and the mechanism for the transfer of the hyperfine fields from the uranium to the ligand site.
is the starting point of the calculation written in terms of creation and annihilation operators containing all the relevant bands. The starting point can be simplified depending on the itinerant or localized model one considers and on the full quantum many-body Hamiltonian. However, in the general case the evaluation of the free energy is more involved and will not be attempted here. ψ and M are two order parameters with ψ time reversal invariant and M breaking time reversal symmetry, the index i runs over the lattice positions of the U atoms. Different proposals of the hidden order differ in the definition of the operator O 1 . In the proposal of Ref. 12 the hidden order is a charge density wave with incommensurate wave vector Q * , and in this case the condensate is related to the Fourier trans-
For a hexadecapolar order as in Ref.
19 the operator O 1 is equal to
(A3) where C is a normalization constant, Q is the commensurate ordering vector and F σσ ′ ( k, k ′ ) are defined by
with γ k = 4π dr r 2 j 3 (kr)R(r). In the definition of γ k , R(r) is the radial wave function of the f -electrons and j 3 (kr) is the spherical Bessel function of order 3. The operator O 2 is the magnetization operator
where σ are the Pauli matrices and Q is a reciprocal lattice vector. From a lattice free energy perspective different microscopic models result in different values of the coefficients. An important coefficient is the coherence length; from the numerical simulation we estimate the coherence length for the magnetic droplet to be ∼ 3 lattice constants at T = 4K and doping x = 0.01. The NMR data place important constraints on this parameter given that more itinerant models give rise to longer coherence lengths and more diffuse domain walls for the order parameter defined on the lattice scale.
Appendix B: Mapping from lattice free energies to coarse-grained Ginzburg Landau free energy
The free energy of Eq. (1) defines a model on the lattice describing the 5f -U electrons in URu 2 Si 2 . In the continuum a Ginzburg-Landau (GL) free energy can be derived from a lattice model by suitable coarse graining. The GL description is formulated in terms of slowly varying amplitude fields φ(x). Here we describe the coarse graining starting from the microscopic free energy F used in Ref. 19 . We keep higher order terms in the coupling between the hidden order parameter and the magnetization but focus only on the form of the GL action to connect it to the earlier work of Refs. 18 and 21.
The starting point is the free energy (1) on a cubic lattice introduced in Ref. 19
written in terms of the order parameters ψ i , M i and of the molecular Weiss fields h 
and higher. The Fourier transforms of the lattice variables ψ i and M i are
Since our mean-field description includes only nearest neighbors antiferromagnetic coupling, the modes that condense are M ( k = Q) or ψ( k = Q) with Q = (π, π, π), depending on the relative size of J ψ and J M . The free energy of Eq. (B1) can be rewritten in terms of ψ( k), M ( k) and the coupling constants J ψ(M) (k). In order to obtain the free energy in the GL form we keep only the modes with k close to Q 25 . For sake of simplicity we shift the wave vectors of the Brillouin zone by Q and therefore we consider only the modes close to k = 0 (k < Λ). For small k values, the Fourier transform of the coupling constant J ψ(M) (k) can be approximated as
where we scaled J as J/z, z being the coordination number. After writing the free energy in terms of ψ( k) and M ( k) and keeping only the modes with k < Λ, we go back to a real-space representation using the transformation
Indeed in Eqs. (B3) and (B4) the sum is on a discrete nonperiodic set of wave vectors k with k < Λ, therefore the fields φ 1 ( r) and φ 2 ( r) are slowly varying and continuous. In terms of the fields φ 1 ( r) and φ 2 ( r) the free GL energy becomes δ ij (∂ i φ α ( r)) (∂ j φ β ( r)) φ α ( r)φ β ( r) .
The coefficients k 1 and u are definite positive. To obtain the traditional form of the free energy we restrict the temperature dependence to the coefficient µ(T ) of the quadratic term. The coupling coefficients are the same for φ 1 ( r) and φ 2 ( r) since this GL free energy has been derived from a microscopic model where hidden order and magnetization are related to each other, however the form of the free energy is completely general, and for the URu 2 Si 2 system was first discussed in the work of Ref. 21 . For a sufficiently repulsive quartic interaction, it captures the competition and interplay between the HO and AFM order: the field φ 2 ( r) can develop only if the hidden order field φ 1 ( r) is suppressed. The gradient coupling term k 2 (φ 2 ( r)) 2 | ∇φ 1 ( r)| 2 was introduced and discussed in detail in Ref. 18 to explain the nonmonotonic behavior of the antiferromagnetic fraction in the NMR spectrum. When k 2 < 0 inhomogeneities in φ 1 can nucleate a parasitic second order parameter φ 2 near impurities even when µ 2 > 0.
